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Classical results Definitions

The queer Lie superalgebra q(n)

Definition

The queer Lie supergroup Q(n) is the subsupergroup of automorphisms of Cn|n

which preserve an odd automorphism Π of Cn|n with the property Π2 = −1.
The queer Lie superalgebra q(n) := Lie(Q(n)) is the Lie subsuperalgebra of
endomorphisms in gl(n|n) which super commute with Π. In coordinates,

q(n) = {
(
A B
B A

)
∈ gl(n|n)}, for Π =

(
0 1n

−1n 0

)
.

Definition (Important subsuperalgebras of q(n))

The Borel subsuperalgebra b is defined by requiring A,B to be upper triangular.

The nilpotent subsuperalgebra n is defined by requiring A,B to be strictly upper
triangular.

The Cartan subsuperalgebra h is defined by requiring A,B to be diagonal.

In general, the Cartan is defined as a maximal self-normalizing nilpotent subsuperalgebra.
q(n) is the only “classical” superalgebra in Kac’s classification for which h is not abelian.
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Classical results Clifford modules

Clifford supermodules = h-supermodules

To each weight λ ∈ h∗
0
, we associate a simple h-supermodule as follows:

1 Define a symmetric bilinear pair Fλ : h1̄ × h1̄ → C, (u, v) 7→ λ([u, v ])

2 Denote the induced non-degenerate Clifford algebra by Cliff(λ) := (Eλ,Fλ),
where Eλ = Fλ/Ker(Fλ).

3 If dim(Eλ) is even, there are 2 simple Cliff(λ)-supermodules, denoted v(λ)
and Πv(λ). If dim(Eλ) is odd, there is unique simple Cliff(λ)-supermodule,
denoted v(λ).

Theorem

The supermodule v(λ) has an h-action where h0̄ acts by λ and h1̄ acts by Cliff(λ).
This construction produces all irreducible finite-dimensional h-supermodules, and
the category h-mod is semisimple.
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Classical results Irreducible Q(n) representations

Classification of irreducible Q(n)-modules.

Definition

Verma module M(λ) := U(q(n))⊗U(b) v(λ) and the unique simple quotient
is denoted L(λ).

The lattice of dominant integral weights is

Λ+ := {(λ1, . . . , λn) ∈ h∗0̄ : λi − λi+1 ∈ Z≥0, λi = λj ⇒ λi = λj = 0}.

Theorem (Kac ’77)

The q(n)-supermodule L(λ) is finite-dimensional if and only if λ ∈ Λ+.

Theorem (Penkov-Serganova ’97)

For weights λ which are generic (i.e λi � λi+1) and typical (i.e λi + λj 6= 0 ∀i , j), the
character formula is

ch(L(λ)) =
dim v(λ)

D

∑
w∈Sn

sgn(w) · w
[
eλ+ρ0 ·

∏
α∈∆+

(1 + e−α)
]
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Classical results Irreducible Q(n) representations

The category of Q(n)-supermodules

Definition

Let Q(n)-mod denote the category of finite-dimensional Q(n)-supermodules with
parity-preserving morphisms.

The category G -mod is equivalent to (g,G0̄)-mod, i.e g-supermodules such that

1 Morphisms preserve the Z/2-grading

2 g0̄ acts semisimply.

There is a block-decomposition parameterized by central characters

Q(n)−mod =
⊕

χ:Z(g)→C

(Q(n)−mod)χ

Theorem (Sergeev ’83)

For λ, µ ∈ h∗
0̄
, χλ = χµ if and only if ελ1 + · · ·+ ελn = εµ1 + · · ·+ εµn , where

ελi = −ε−λi .
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Classical results Blocks

Block equivalences

The most important tool in studying blocks is translation functors

Tλ,µ : (Q(n)−mod)λ → (Q(n)−mod)µ, M 7→ prµ(M ⊗ L(1, 0, . . . , 0)).

Theorem (Ser-ICM ‘14)

Let λ ∈ Λ+ ∩ Zn. Then (Q(n)−mod)λ is block equivalent to (Q(n)−mod)λ̃,
where

(a) λ̃ = (1, 0, . . . , 0) for q(k), k ≤ n. This is the standard block.

(b) λ̃ = (0, . . . , 0) for q(k), k ≤ n. This is the principal block.

The integer k is called the atypicality of the weight λ.

Recently, Brundan gave a similar block equivalence theorem for half-integral
weights based on atypicality.
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BGG Reciprocity Geometric Induction

Induction on flag supervarieties

Definition

Let P ⊂ G be any parabollic subsupergroup. The flag supervariety G/P exists in
the category of superschemes and coincides with Manin’s flag superspace, denoted
FSpecC(a1|a1, . . . , ak |ak ;Cn|n).

Definition

For any P-module V , let V = G ×P V denote the vector bundle over G/P. Define
the geometric induction functor by

Γi : P −mod→ G −mod, V 7→ H i (G/P,V∗)∗

There is an equivalent algebraic definition of Γi using Zuckerman’s functor:

H0(G/P,V) ∼= Γg0̄
(HomUp(Ug,V ))

So, Γ0(V ) is just the maximal finite-dimensional quotient of Ug⊗Up V .
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BGG Reciprocity (virtual) BGG Reciprocity

(virtual) BGG Reciprocity

Lemma (Typical Lemma)

Suppose λ ∈ Λ+ is p-typical. Then

Γi (G/P, vp(λ)) =

{
L(λ) if i = 0.

0 if i > 0.

Definition

Let λ ∈ Λ be any weight. Define the Euler characteristic

E(λ) :=
∑
µ∈Λ+

dim(G/B)0̄∑
i=0

(−1)i [Γi (G/B, v(λ)) : L(µ)] · [L(µ)] ∈ KΠ(Q(n)−mod).

The typical lemma says that generically, ch(E(λ)) = ch(L(λ)).

Nikolay Grantcharov (University of Chicago) Finite-dimensional representations of the queer Lie supergroup Q(n)Workshop on Supergeometry 9 / 14



BGG Reciprocity (virtual) BGG Reciprocity

(virtual) BGG Reciprocity

Theorem (G. Serganova, ‘20)

Let µ ∈ Λ+, bµ,λ ∈ Z be coefficients occurring in

E(µ) =
∑
λ∈Λ+

bµ,λ[L(λ)].

Then there exists aλ,µ ∈ Z such that for λ ∈ Λ+,

[P(λ)] =
∑
µ∈Λ+

0

aλ,µE(µ).

The coefficients aλ,µ = 2t(µ)−t(λ)γµbµ,λ, where t(λ) is either 0 or 1 and γµ is
either 1 or 2.

We make 2 remarks:
1 Our proof generalizes Gruson-Serganova which works whenever h = h0̄.
2 Using Penkov-Serganova character formula for q(n), we can compute all

multiplicities [P(λ) : L(µ)] =
∑
ν∈Λ+

0
aλνbνµ.
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Ext quiver Standard block for q(n)

Standard block for q(n)

Theorem (G. Serganova ’20)

Let λ, µ be weights in the q(n) standard block. Then for t � 0,

Ext1
q(n)(L(λ), L(µ)) = Ext1

q(n)

(
L
(
t, λ̃
)
, L(t, µ̃)

)
= Ext1

q(1)⊕q(n−1)

(
L(t) � L

(
λ̃
)
, L(t) � L(µ̃)

)
= Ext1

q(n−1)

(
L
(
λ̃
)
, L(µ̃)

)
⊕ Ext1

q(n−1)

(
L
(
λ̃
)
,ΠL(µ̃)

)
,

where λ̃, µ̃ are weights in the q(n − 1) principal block.
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Ext quiver Standard block for q(n)

Standard block for q(3) Ext-quiver

Corollary

The Ext-quiver for the q(3) standard block λ = (1, 0, 0) is

•h
$$

a
(( •

b

hh

x
(( •

y

hh

x
''. . . ,

y

hh

where vertices are labeled L(1, 0, 0), L(2, 1,−2), L(3, 1,−3), . . . with relations

x2 = y2 = 0, xa = by = ab = 0,

h2 = 0, xy = yx , bah = hba.

Corollary

The q(3) standard block is tame, but not a highest-weight category.
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Ext quiver Principal block for q(3)

Principal block for q(3)

Theorem

The Ext-quiver for the q(3) principal block λ = (0, 0, 0) is

• a //

��

•

��
c

��

b // •

��

x
''

d
��

•

��

y

gg

x
))
· · ·

��

y

hh

•

OO

a
// •

OO

b
//

c
__

•

OO
d

__

x
'' •

OO

y

gg

x
**
· · · ,

y

hh

OO

where vertices are labeled L(1, 0,−1), L(0), L(2, 0,−2), L(3, 0,−3), . . . in top and
ΠL(1, 0,−1), ΠL(0, 0, 0), ΠL(2, 0,−2), ΠL(3, 0,−3), . . . in bottom. The relations are:

x2 = y 2 = 0, xb = dy = bd = ca = 0,

xy = yx , yx = bacd , dbac = acdb,

θ2 = 0, θγ = γθ for γ ∈ {a, b, c, d , x , y}.

Corollary

The q(3) principal block is wild and not a highest-weight category.
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